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Considering a function f (Z) which is analytic in the open unit disk E, normalized by f(0)—0= f'(0) -1

and having the power series of the form f (Z) =7+ aZZ2 + a3z3 =+ ... . We introduce and study certain new

subclass M ;:1 (B, A, A,B ) of bi-univalent function associated with conic domains in which both f and

f' are m-fold symmetric analytic functions. It is pertinent to remark here that the first two initial bi-univalent

and |@,,., | estimated in the present investigation have their application in the

construction of some (and not limited to) analytic functional such as Fekete-Szego functional and Hankel

Abstract:
coefficients | @, |
determinants to mention but few.
Keywords: Coefficient bounds, bi-univalent functions, conic domains

Introduction
Let A denote the class of all functions having the form

f(z)=z+) a,z" )
n=2

which are analytic in the open unit disk
E={z:z¢ C,|Z| <1}. Also, let S denote the class of
all normalized analytic functions that are univalent in E . We
shall recall that every function f €S has an inverse f_l,
given by;

f*(f(2))=2 (z€E) @

and
f(f@)=0  (o<n(Nin®zi). ®
while the inverse function () = f () is given by

gw) = fHw) = 0— o+ 2d - a3)w’ -
(5a3 — 5a,a; + ay)w* + ... 4)

A function is said to be bi-univalent in E if both f and its

inverse (i.e. f and f_l) are univalent in E . The class of bi-

univalent functions denoted by Y. has been widely studied

by different authors from different perspective and their
results authenticated diversely in literature (Brannan and
Taha, 1986; Lewin, 1967) for more details. In particular, the

studies of the bi-univalent function class 2, by Srivastava et

al. (2010) has triggered the interest of several researchers in
the recent years.

Suppose that M € N . A domain D is said to be M— fold
symmetric if a rotation of D about the origin through an

angle 27 carries D on itself, then, a function f(2)
m

analytic in E is said to be M — fold symmetric if

f(ez%’zj = ezi% f(z)(meN). ()
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Here, it is pertinent to remark that every function f(z) is
one — fold (1- fold) symmetric and every odd function f (Z)
is two - fold (2- fold) symmetric. Let us denote by Sm the
class of M — fold symmetric univalent function in E . Then a

trivial argument has shown that f € Sm has a power series
of the form

o0
f(z)=2+) a,,2™" (zeE:meN).  ©

p=1
In particular, for the normalized form of f given by equation
(6) above, Srivastava et al. (2014) defined M— fold
symmetric bi- univalent functions, analogues to the concept of
M —fold symmetric univalent functions and obtained the
series expansion for f - as;
gw)= fH(w) = w— app0™?t+ [(m+ Da2,, -
Aymr 2™ — E (m+1)Bm+2)ad,,; — Gm+

...... @)

3m+1
2)Ami102mi1 t a3m+1] W +

Denoted byZm, the class of M— fold symmetric bi —

univalent functions in E and for M =1, the expression in

(7) immediately coincides with that of (4) of the class X
(Bulut, 2016).
Although investigation on the class of M — fold symmetric

bi — univalent function (Zm) in E is not so new. The target
of the present paper is to introduce and study a new subclass
of bi — univalent functions in which both f and f ™ are

M — fold symmetric analytic functions associated with conic
domain where the first two initial coefficients of the Taylor —

Maclaurin  series |am+l| and |a2m+1| are estimated.

However, Noor and Malik (2011) introduced and studied the
classes k-starlike functions K — ST[A, B] and k-uniformly

convex functions, K —UCV[A, B], using the following
definitions:
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A function f(z)e A is said to be in the class

k—ST[AB], k=20, —1<B< A<1, if and only
if,

zf (2) zf (2)

(B-1) 7 - (A-D) ‘(B N ) )
Re zf((z)) zf((z))

B+1)——=—(A+1 B+1)—=—-(A+1

(B+1) ) (A+1) ‘( ) ) (A+ )

Also, a function f(z) e A is said to be in the class

k—UCV[AB], k>0,—1<B<A<1, if and
only if

(@),
B8-S (a0

Re| >

(@)
(B+1) ) (A+1)

Obviously,
f(z) e K-UCV[A B] < zf'(z) e K- ST[A, B]-

L (# @)
(B-1) Q)
(@ ()
(B+1) Q)

©9)

-(A-1)

-(A+)

(10)

Remark
() k-ST[L-1]=k-ST,
k—UCV[L-1]=k -UCV

known classes of K — starlike and K — Uniformly

the well -

(iii) 0-ST[A B]=S"[AB]. 0-UCV[A B]=C[A B]:

the well-known classes of Janowski starlike and
Janowski convex functions, respectively (Janowski,
1973).

Geometrically, if a function f(z) € k —ST (A, B) then
zf (2)

(B-D~ y~(A-D) :
(2) _ takes all values from the domain
zf (2)
(B+1) () —(A+1)
Q, k>0, as

Q, = {a) 'R(w) > k|a)—]1}.
Or equivalently,

Q = {J+iv;u > k+/(u—1)? +v2}. 12)

It is worthy to note that the domain Qk represents the right

half plane for K =0, a hyperbola for 0<k <1, a

parabola for k=1 and an ellipse for k>1 (Yagmur,
2015).

Now,

(1)

for A21, u>0k20, meN,
—1<B<A<10<f<landz,w e E, a function

\C/Sins‘r’]‘?gwskf:‘”fggg;szoorgipeCt‘Ve'y (Kanas and  f g3 given by (6) is said to be in the class
(i) Kk—ST[1—2a,-1]=SD(K,a), M £% (B, A, A B) ifand only if;
k —UCV[1—2a,~1] = KD(k, ), (Shams
et al., 2004)
B-1||a- A)(”Z)j Af(z)[ff)jﬂ ﬂ}—(A—l)
Re = . 7
B+1|| - i)(f(z)j Af(z)[f(z)] ﬁ}-(ml)
2] (13)
(B—l)( a- z)(f(z)j zf'(z)(fiz’j_ —ﬁj—(A—l)
>k = ; ,,_1: -1
(B+1)( (1- Z)(f(z)j /”Lf'(z)(fiz)j —ﬂj—(A+1)
and i i
B-1)|| @ ﬂ)( ( )]ng'(w)( (“’)]‘_ —ﬁj—(A—l)
(0]
Re — p y—l:
(B+1|| @ ﬂ)(g() +/lg'(a))(fw)J —ﬁ}—(A+l)
- @ (14)
(8 1){ 1-2) (“’)j +zg(w>( (of’)j ﬁ}—(A 1)
>k = 71: -1.
(B+1){ (1-2) gg")J +/1g(a))( (w)j J—(A+1)
w
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Remark
For suitable choices of the parameters £z, 4,m, A, B and

Kk . The class M zﬂnli (8,1, A, B) leads

to certain interesting classes (known and new) of analytic bi-
univalent functions. As illustrative

example, we give the following:

Ilustration 1

For A=m=1, K=0 and B=—1, we have the bi —
univalent function class

M (B, 4,1-D) =M (8, 4)

introduced by Caglar et al. (2013).

llustration 2

For A=A1=1 k=0and B=—1, we have a new class

M 5,2 (18!1!1’_1) = PZ,m (ﬁl /l)

which consist of IM— fold symmetric bi — Bazilevic
functions.
Illustration 3

For A=A=1 k=p=0 and B=—-1, we have the

class
0,0 0
M (B11L-1)=M; (81
of M— fold symmetric bi — starlike functions of order [

(Hamidi and Janjangiri, 2014).
Ilustration 4

FrA=m=A=1 k=u=0 and B=-1, we
have the bi - Starlike function class

Mg:& (B11,-1) = S;(f) introduced and studied by

Brannan and Taha (1986).
Ilustration 5

If A=pu=A=1 k=0 and B=—1, then we have
the M— fold symmetric bi — univalent function class
M )1:?” (B11,-1)=H; (/) introduced and studied by
Srivastava et al. (2014).

lllustration 6

Suppose that A=m=pu=A=1, k=0 and

B =-=1, then we have the bi — univalent function class
M;‘E(ﬂ,l,l,—l) = H;(f) introduced and studied by
Srivastava et al. (2010).

lllustration 7

Let A= =1, k=0 and B=—1, then we have the
M—fold symmetric bi - univalent function class
M ;?n (8, 41-1) = A;m (f) introduced and studied
by Sumer Eker (2016).

Illustration 8

Ltet A= u=m=1, k=0 and B=—1 then, we

have the bi - univalent function class

Mé’g L, A41,-1) =B, (S, 1) introduced and studied

by Frasin and Aouf (2011).

Illustration 9

If A=1, k=0 and B=—1, then we have the class
,0

M ;,m (ﬂ! 2’!1!_1) = N)?m (ﬂ! ﬂ')

which is the class of M—fold symmetric analytic bi-

univalent function introduced and studied by Bulut (2016).
Ilustration 10

For M =1, then we have a new class M;’lk (8,4,A,B)

which is the class of bi-univalent functions associated with
conic domain.
llustration 11

For A =1, then we have a new class M )é’rlf] (6.1, A B)

which is the class of IM—fold symmetric bi-Bazelivic
functions associated with conic domain.
llustration 12

For x=0and A=1, we
Mg:rn(ﬂ,l, A/B) of m—fold symmetric bi-starlike

obtain a new class

functions of order /3 associated with conic domains.

Coefficient  estimates for the  function class

M;ﬁ(ﬂ,i, A B).

Lemma2.11f p € P, then |Cn| <2 (ne N), where the
Caratheodory class P is the family of all functions P
Re[p(z)]>0, and

analytic in E for which

p(z) =1+ p,2" (z € E) (Bulut, 2016).

n=1

Theorem 2.2 Let f(Z) be the function of the form (6), if f(z) € an': (B, 4, A B) . Then,
for £>0,1>1 -1<B<A<1,k>0,0<8<1lL meN,zeE

o(a+2Bk)p,,

(z+mia

™ T (14 k) [a(B +1) - 6(B-1)]

(15)

|5 (i —1) (u+2mAa) = 2(B+1) (u+ mA)? Ja2., + 25 (u + 2mA)a,, ,
25%(a +2BK) p,, (16)

T 1+ K)[a(B+1)-5(B-1)]

S(a +2Bk)q,

(u+mA)a

™ 1+ K)[a(B+1) - 5(B-1)]
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(17)
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{(B +1) (u+mA)’ -8 (u+ 2m,1)(m + “T+1ﬂa;+1 +8(u+2mi)a,, ,

) (18)
52 (a + 2BK) 0,

T @+ K)[a(B+1)-5(B-1)]

wherea =(B—A)— f(B-1), 6 =(B—A)— S(B+1) and 1, 4, A B, S,m,K are as earlier defined.
Proof:  From (13), setting

@ aa"Of eare "0 - p)-an

(B +1)[(1—/1)(f§2)) +Af (z)( f (Z)jﬂ B ﬂ}—(A+1)

d+Kk)I(B-A)-AB-1]
[(B-A)-p(B-1)}
Then, it follows that

(B—l)((l—ﬂ)( )jy +af (z)(f(z)ju B ,B]—(A—l)

(B+l){(1 z)(() o '(z)(fiz)J - ,BJ—(A+1)

Likewise, from (14), setting

(B—l)((l—x)(g( j + 29" (0 )(“””j ﬂ}—(A—l)

O R U T e

@+kIB-A-sB-1]
(B-A)-B(B+1)

(1+k)

=p(2).

@+k)

_k:{(1+k)[(B—A)—ﬂ(B—l)]_k}p(z). (19)
[(B—A) - A(B+1}

L+K)

=((®).

Then, it follows that

(B—l)[(l—z)[%“’)j +zg'<w)[gﬁj’)j 7 —ﬂJ—(A—l)

(B +1)[(1—l)((‘]i)w)jy +ﬂg’(a))(gi)w)jy —ﬂj— (A+1)

Where p(z) and g(w) are defined as follow:
p(z) =1+ p, 2" + P, 2" + Py, 2" +...€P 1)

@+k)

[A+KIB-A-pEB-D]
_k{ (B—A)— BB 1] k}q(“’) (20)

and
q(z) =1+ qma)m + qua)zm + qgma)?’m +..eP. (22)

On equating the coefficients in (19) and (20), then

—(1+K)(u+mA)[(B+Da—kdla,,, =S[1+K)a—ks]p,
—25%(a +2BK) p,,

A+K)[a(B+1)-5(B-1]

m-+1

[5(u—1) (i +2mA) — 2(B + 1) (u+nA)? B2, + 25(u+ 2mA)a,, , =

(u+m)A+K)[(B+D)a-(B-1)5la,., =[a@+k)-5k]|5q,

m+1

and
2 u+1Y| ., 3 5% (o + 2BK)Q, .
[(B“)(ﬂ*m’” ‘5(“+2m)(m+2ﬂam“+5(“ 2 = (B 4D - 5B 1]

whereax = (B— A)— (B —1)and 6 = (B — A)— (B +1). This completes the proof of Theorem 2.2.

(26)
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Theorem 2.3 Let (Z) be the function of the form (6), if f(z) e M g'k (B, A, A B) . Then,

m

for u>0,1>1 -1<B<A<1,k>0,0<8<l meN,zeE
2
|am+l|s\/8a5 (a + 2Bk)

(23)
a(l+Kk)[R+T]
and
] < 26 (a + 2Bk) [ S(m +1)(a + 2Bk) L1 } 24)
T A+ k) [6(B-)-aB+D]| @+k) (u+mA)[S(B-D)-a(B+D)] (u+2mA)

where

a=(B-A)-BB-1),5=B-A)-BB+1), R=2a(B+1)(L+5)—-25(B-1D](B+1)(u+mi)’
and T =S(u+ ZmA){é(,u—l)(B “1-a(B+1)-2(a(B+1)-5(B —1))(m +“T+1ﬂ |

Proof: It follows from (15) and (17) that
—Pn =0, (25)

and
, O (a+2BK)*(ps +4.)

(/J‘i‘mﬂ) Ana = 2(1+ k)z[a(B +1)—5(B_1)]2 '

(26)

Now by the application of Lemma 2.1 on (26), we obtain the inequality in (23).
Upon subtracting (18) from (16) and substituting the value of a,i 411N (26) we obtain the bound on the coefficient |a2m +1| , as
follows

a - S(a +28Bk) S(M+1(@+2BK)(An + P2) Qo= Pan |
M2+ K)[(B-1) —a(B+D)]| 2+k)(u+mA)?[S(B-1) —a(B+1)] (u+2mA)

Also by applying Lemma 2.1 on (27), the desired result in (24) is obtained and this completes the proof of Theorem 2.3. With
various choices of the parameters involved the following consequences are immediate.

Suppose that A = £ =1 in Theorem 2.3, then the following corollary follows:

Corollary 2.4 Let f (Z) be the function of the form (6), if f(z) € My¥ (8,1, A, B). Then

‘a ‘< 80{52(a+25k)

TV 20+ K) L+ m)((L+ m)(B + D[+ ) (B +1) — 25(B —1)]+ 5L+ 2m)[5(B 1) — (B +1)])

and

g < 25 (a + 2BK) 5(a + 2BK) L1
T A+K)[B-)-aB+D]| @+k)A+m[F(B-1)-a(B+1)] (@+2m)

where & and O are as earlier defined.

Let A =1land M= 0O in Theorem 2.3, then the following corollary is immediate.

Corollary 2.5 Let f(Z) be the function of the form (6), if f(z) e M g,'; (6.1, A B).Then

8a:5% (o + 2BK)

|am+1| <

2(m + H[S(B —1) — (B +1)]
2a(l+ k)m(m(B +)[a+5)(B +1) - 25(B —1)]+5(_ ST 1 (B +D)] j]

and

25 (et + 2BK) S(m +1)(e + 2BK) L1
1+K)mM[6(B-1)-a(B+1] 2m

|a'2m+1|S
A+k)[5(B-1)-a(B+1)]

where & and O are as earlier defined.
Alsoif A=1 B =—1andk =0 in Theorem 2.3, then we obtain the following corollary.
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Corollary 2.6 Let f(Z) be the function of the form (6), if f(2) € M g’n? (B, 4,1,-1) . Then

. < J 4 p) w0 o] <20 /3){(1— LIGEIE }
(1 +m)(u+2mA) (u+m2)*  p+2m2

where ¢ and O are as earlier defined.
Suppose thatwe let A=A =1, B =—1andK =0 in Theorem 2.3, then corollary 2.7 follows.

Corollary 2.7 Let f (Z) be the function of the form (6), if (z) € M é'n? (.L1,-1) . Then

|am+1| < Ad-—p) and |a2m+1| <21-p) @-4)m :1) + 1
(p+m)(u+2m) (u+m) p+2m

where & and O are as earlier defined.
If A=41=1B=—1andk = gz =0 in Theorem 2.3, then corollary 2.8 follows.

Corollary 2.8 Let f(Z) be the function of the form (6), if f(2) € M Qﬁ; (£,11,-1) . Then
V2(1-5)

|am+1| < T and |a2m+1| <

m 2

2(1—ﬂ){(1—ﬂ)(m+1)+1}
m

where ¢ and O are as earlier defined.
Suppose thatwe let A=A = =1, B =—1andK =0 in Theorem 2.3, then corollary 2.9 follows.

Corollary 2.9 Let f (z) be the function of the form (6), if f(z) € M2 (8,1,1,—~1) . Then

|am+1| < \/ﬂ and |a2m+1| <2(1-p) (1-p4)(m+1) + 1
A+ m(L-+-2m) @rmy 1rom

where & and O are as earlier defined.
Suppose that A = u= 1 in Theorem 2.3, then the following corollary follows:

Corollary 2.10 Let f (Z) be the function of the form (6), if (z) € M é':n (.1, A B). Then

a |<\/ 852 (a + 2BK)
TV da @+ K)[2(B +D[a@+ 5)(B +1) — 26(B —1)]+35[5(B —1) — (B +1)]]
and

g < 26 (a + 2BK) { 5(a + 2BK) .\ 1} |

1+K)[s(B-D)-a(B+D]| 20 +K)[6(B-1)-a(B+1] 3
Letting A =M =21 and 2= 0 in Theorem 2.3, then corollary 2.11 follows:
Corollary 2.11 Let f(Z) be the function of the form (6), if f(z) € Mgf (B.L, A B). Then

a <\/ 852 (o + 2BK)
™\ 221+ K)[(B + D[+ 5)(B +1) - 25(B - 1)]+ 5(A5(B —1) — (B +1)]- 5[B —1— (B +1)])]

and

gl < 28 (o + 2BK) 25(a + 2BKk) L1
T 1+ K)[6(B-)-a(B+D]| A+K)[5(B-)-a(B+D)] 2|

Leting A=A =u=m=1B=-1and K =0 in Theorem 2.3, then corollary 2.12 follows:
Corollary 2.12 Let f (Z) be the function of the form (6), if f (z) € M3 (8,11,~1). Then

Ao <2 sl <P 58]

Ifwelet A=A =p=m=1B=-1and K=/ =0in Theorem 2.3, then corollary 2.13 follows:

Corollary 2.13 Let f (Z) be the function of the form (6), if (2Z) € M ég (B.LL-1) . Then

5
and |3~2m+1| = g '
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